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On Combinatorial Problem Conerning
Partitions of a Box into Boxes
Apoloniusz Tyszka
Abstrat
We onsider partitions of n-dimensional boxes in Rn, n ≥ 2, into
a nite number of boxes with pairwise disjoint interiors. We study sets
X ⊆ (0,∞) with the Property (Wn) : for every n-dimensional box P
and every partition of P , if eah onstituent box has one side with the
length belonging to X, then the length of one side of P belongs to X.
We prove that the setX ⊆ (0,∞) has Property (Wn) if and only ifX is
losed with respet to the operations: x+y and x+y+z−2min(x, y, z).
We onsider partitions of n-dimensional boxes in Rn, n ≥ 2, into a nite
number of n-dimensional boxes with pairwise disjoint interiors. We study
sets X ⊆ (0,∞) with the Property (Wn) : for every n-dimensional box P
and every partition of P , if eah onstituent box has one side with the length
belonging to X , then the length of one side of P belongs to X .
Theorem (see: [5℄ for groups, [4℄ for generalizations of groups, [1℄[3℄ for
earlier results). The set X ⊆ (0,∞) has Property (Wn) if and only if X is
losed with respet to the operations: x+ y and x+ y + z − 2min(x, y, z).
Proof. Neessity: We an assume that x > z, y > z. Case n = 2: the result
follows from the following partitions of a square:
x y
x+ y
x
x
y
y
z
z
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Case n > 2: we multiply the rst square by [0, x+ y]n−1, the seond square
by [0, x + y − z]n−1. Suieny: we rst prove (see Eulerian path method
in [5℄ by Mihael S. Paterson, Univ. of Warwik, Coventry, England) that
if eah onstituent box from the partition of the box P has one side with
the length belonging to X , then there exist points Y1, Y2, . . . , Ym lying on the
one side of P suh that this side is equal to the segment Y1Ym and every
distane |YiYi+1| belongs to X . We hoose the artesian oordinate system
with axes xj(j = 1, 2, . . . , n) whih are parallel to the sides of the box P . For
eah onstituent box Pk we hoose c(k) ∈ {1, 2, . . . , n} suh that the length
of Pk in diretion xc(k) belongs to X . We dene an undireted graph G in
the following way: as a vertex set we put the set of all verties of onstituent
boxes, as an edge set we put the set of all pairs (s, Pk), where s is a side
of Pk lying in the diretion xc(k). Eah vertex of G (exept the verties of
the box P whih lie on 1 edge) is a vertex of an even number of onstituent
boxes, hene it lies on an even number of edges of G. Thus a walk away along
edges that begins at one vertex of P and does not repeat any edges will not
terminate until it hits another vertex of P . This observation produe points
Y1, Y2, . . . , Ym.
Now we are ready to prove that |Y1Ym| ∈ X . It sues to prove that if
there exist m points with the required property (for m > 3), then there exist
m− 1 or m − 2 points with this property. We an assume Y1, Y2, . . . Ym are
dierent and for every i suh that 1 < i < m, Yi 6∈ Yi−1Yi+1, hene Y3 ∈ Y1Y2
and Ym−2 ∈ Ym−1Ym, so |Y2Y3| < |Y1Y2| and |Ym−1Ym| > |Ym−2Ym−1|. We
hoose the smallest i > 2 suh that |YiYi+1| > |Yi−1Yi|. From this hoie of i
we have |Yi−1Yi| < |Yi−2Yi−1|, so
r
Yi−2
r
Yi
r
Yi−1
r
Yi+1
|Yi−2Yi+1| = |Yi−2Yi−1| − |Yi−1Yi|+ |YiYi+1| =
|Yi−2Yi−1|+ |Yi−1Yi|+ |YiYi+1| − 2min(|Yi−2Yi−1|, |Yi−1Yi|, |YiYi+1|).
X is losed with respet to the operation x + y + z − 2min(x, y, z), hene
|Yi−2Yi+1| ∈ X and we an redue the number of points to m − 2, this ends
the proof of suieny.
Our proof is now omplete.

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